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We demonstrate that the sliding motion between two layers of the newly discovered ferroelectric and topologi-
cally trivial bismuth (Bi) monolayer [Nature 617 67 (2023)] can induce a sequence of topological phase transitions,
alternating between Z. trivial and nontrivial states. The lateral shift, while preserving spatial symmetry, can
switch the quantum spin Hall state on and off. The sliding-induced changes in out-of-plane atomic buckling,
which are directly coupled to in-plane ferroelectricity, are shown to significantly modulate the band gap and
drive the topological phase transitions. We map out the topological phase diagram and in-plane ferroelectricity
with respect to sliding displacements. With appropriate sliding, the bismuth bilayer can transition into a non-
trivial polar metal, exhibiting a pronounced shift current response arising from interband geometric quantities
of electronic bands. Moreover, bilayer Bi supports a sliding-tunable nonlinear anomalous Hall response resulting
from the geometric Berry curvature dipole. Configurations that are Z» nontrivial can generate drastically dif-
ferent transverse currents orthogonal to the external electric field, as both the direction and magnitude of the
Berry curvature dipole at the Fermi level are highly sensitive to the sliding displacement. Our results suggest
that bilayer bismuth, with its ability to generate multiple types of geometric currents, offers a versatile platform
for power-efficient “Berry slidetronics” for multistate memory applications integrating both band topology and

ferroelectricity.
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Two-dimensional (2D) van der Waals (vdW) materials
have garnered significant attention in the fields of con-
densed matter physics and materials science.['® Their
unique properties, such as highly tunable electronic prop-
erties and remarkable mechanical flexibility, position them
as promising candidates for a myriad of applications, rang-
ing from next-generation electronics and optoelectron-
ics to energy storage and flexible devices. 0% The lay-
ers in these materials are held together by weak vdW
forces, making them particularly susceptible to twisting
and sliding. Such structural deformations, especially twist-
ing, can profoundly alter the electronic behaviors of 2D

[14-16] For example, adjusting the twist angle

materials.
between adjacent layers results in the formation of long-
wavelength moiré superlattices. The moiré potential with
a modulation period much larger than the atomic lat-
tice constant can quench the kinetic energy of electrons
and effectively enhance the electronic correlation, setting
the stage for various quantum phenomena, including Hofs-
tadter butterfly patterns, [17,18] superconductivity, [14,19,20]

Mott insulators, >3 and moiré excitons. *42°]
Recent studies have demonstrated that interlayer

sliding can induce out-of-plane polarization in bilayer

CSTR: 32039.14.0256-307X.42.7.070715

systems, even when they are composed of nonpolar
monolayers. (26-28]  This phenomenon is attributed to
changes in the layer stacking configuration caused by slid-
ing, which leads to a reversal in the direction of charge
transfer between the layers and consequently switchable
out-of-plane polarization. ?° Notable bilayer systems pos-
sessing sliding ferroelectricity that have been confirmed
experimentally are bilayer graphene and transition metal
dichalcogenides. (29-32] Unlike twisting, sliding in bilayers
of identical monolayers generally has a less significant im-
pact on their electronic and optical properties, as it does
not significantly modulate the periodic potential land-
scape. One notable exception, predicted theoretically, oc-
curs in sliding bilayer graphene, where the electronic topo-
logical transition involving pair annihilations of massless
Dirac fermions is sensitively influenced by the direction
3] However, sliding-induced
[34] such as the Zs topo-

of the lateral interlayer shift.
electronic topological transitions,
logical phase transition, are rarely reported in gapped 2D
materials. This scarcity is not particularly surprising. A
Zs> topological phase transition, characterized by a change
in the band structure’s topology, demands the closure of
the band gap, wherein the conduction and valence bands
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must touch at least at one point in the momentum space.
The intrinsic inert response of the band gap to sliding nat-
urally hinders the transition between a trivial insulator
and a topological insulator.

Topological insulators typically exhibit larger dipole
transition matrix elements and enhanced Berry curvature

3] making them promising

compared to trivial insulators,
candidates for Berry curvature memory. (361 This memory
concept leverages the geometric Berry curvature dipole-
induced nonlinear anomalous Hall effect, providing a novel
mechanism for data storage and manipulation. In par-
ticular, Berry curvature memory, deriving its function-
ality from the topological properties of materials, could
offer advantages in terms of speed, energy efficiency,
and durability over conventional semiconductor memory
technologies. 7% In this context, a sliding-induced Zs
topological phase transition represents a compelling op-
portunity. Such a mechanism, if achievable, could act as
an additional control knob, unlocking novel functionalities
and device types.

In this study, we utilize first-principles density func-
tional theory (DFT) calculations, including hybrid func-
tionals, to demonstrate that sliding motion between two
layers of the newly discovered single-element ferroelec-
tric bismuth (Bi) monolayer triggers successive trivial-
to-nontrivial topological phase transitions. [*“*!] We find
that, although the Bi monolayer is topologically trivial,
stacking it into a bilayer and applying appropriate slid-
ing can transform it into a quantum spin Hall insulator.
This stands in sharp contrast with previous studies of bi-
layer systems where the monolayer itself is already topo-
logically nontrivial. [42-44] Removing the requirement for
a nontrivial monolayer to achieve a switchable topolog-
ical phase expands the materials design space for topo-
logical materials. The sliding-tunable band gap and the
ensuing quantum phase transition in the ferroelectric Bi
bilayer could enable energy-efficient mechanical switching
between on and off states of a quantum spin Hall insu-
lator, along with its quantized edge conductance. An in-
triguing aspect is that the significant modulation of the
band gap and the resulting band inversion arise primar-
ily from changes in out-of-plane atomic buckling driven
by interlayer sliding. This buckling strongly influences
the charge transfer process, thereby profoundly altering
the electronic structure. We have constructed a topolog-
ical phase diagram as a function of in-plane sliding mo-
tions of various magnitudes along all possible directions,
providing a precise map for the fine-tuning of quantum
states. Additionally, we show that Zs nontrivial states in-
duced by different magnitudes of sliding motions can gen-
erate nonlinear Hall currents that vary in both direction
and magnitude. This suggests another sliding-tunable cur-
rent, in addition to the symmetry-protected edge current.
We further demonstrate that interlayer sliding can trans-
form the Bi layer into a nontrivial topological polar metal,
characterized by a pronounced shift current response. [45]
We propose that bilayer bismuth may serve as a promis-
ing platform for the realization of power-efficient “Berry
slidtronics”, harnessing both deterministically controllable
ferroelectricity, band topology, and geometric current for
nonvolatile multistate memory applications.

All plane-wave DFT calculations are performed using
Quantum Espresso. “%*") The vdW bilayers are fully op-
timized using a generalized gradient approximation of the
Perdew-Burke-Ernzerhof (PBE) type, **l augmented with
Grimme dispersion corrections, and employing Garrity—
Bennett—Rabe—Vanderbilt ultrasoft pseudopotentials. [49]
We use a plane-wave kinetic energy cutoff of 50Ry, a
charge density cutoff of 250 Ry, a 12 x 12 x 1 Monkhorst—
Pack k-point mesh for Brillouin zone (BZ) integration, an
ionic energy convergence threshold of 107° Ry, and a force
convergence threshold of 10™* Ry to converge the struc-
tural parameters. A sufficiently large vacuum of 50 A is
used to minimize image interactions arising from the pe-
riodic boundary conditions. For band structure calcula-
tions, the spin—orbit coupling (SOC) is taken into account
at the fully relativistic level with norm-conserving pseu-
dopotentials provided by the PseudoDoJo project7[50] in
combination with energy cutoffs of 80 Ry and 320 Ry for
the wavefunction and charge density, respectively. Addi-
tionally, we compute the electronic structure employing
the Heyd-Scuseria—Ernzerhof (HSE) hybrid functional ']
with a 4 x4 x 1 ¢g-point grid during the self-consistent-field
cycles. The HSE band structure is obtained through Wan-
nier interpolation”? using Wannier90®®! interfaced with
Quantum Espresso. The topological state is determined by
computing the Zj topological index using the Wilson loop
method, based on the Wannier tight-binding Hamiltonians
constructed with Wannier90.

The structure of ferroelectric bismuth monolayer in
the space group of Pmn2; can be viewed as a distorted,
phosphorene-like structure. The presence of out-of-plane
atomic buckling (h) breaks the inversion symmetry, lead-
ing to a spontaneous charge disproportion between neigh-
boring Bi atoms and an in-plane polarization along the
y-axis.[54] Xu et al. have recently confirmed experimen-
tally the switchable in-plane polarization in this single-
element 2D material. “?! The bilayer configuration stud-
ied in this work consists of one monolayer stacked directly
atop another [see Fig. 1(a)], giving rise to ferroelectric cou-
pling between the in-plane polarizations of the individual
monolayers. In this vertically stacked configuration that
preserves the symmetry of the individual monolayers, the
lattice vectors (a, b) of the upper layer are oriented par-
allel to those of the lower layer. Upon sliding the upper
layer relative to the lower one, the sliding vector is defined
as ds = uza+uyb, with the resulting configuration labeled
as S[uz,uy]. For example, considering the sliding vector
ds = 0.4a, as shown in Fig. 1(b), the configuration is de-
noted as §[0.4,0.0]. We note that the presence of a mir-
ror symmetry M, in the monolayer renders configuration
S[uz, uy] equivalent to S[1 — ug, uy]. For the initial bilayer
configuration (S[0.0,0.0]), both the lattice constants and
atomic positions are fully optimized. For the sliding con-
figuration, atomic positions along the z-axis are allowed
to relax. Additionally, sliding in this bilayer configura-
tion does not break the out-of-plane inversion symmetry,
thereby preventing the emergence of sliding ferroelectricity
featuring interlayer charge transfer-induced out-of-plane
polarization.
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Fig. 1. Schematics of the (a) side and (b) top views of bilayer bismuth that has one monolayer stacked directly
atop another. The positive and negative Bader charges are labeled with + and — signs respectively, with in-plane
polarization (green arrow) along the y-axis. The out-of-plane atomic buckling (h) is responsible for the in-plane
ferroelectricity. The Bi atoms in the upper layer are colored black, while those in the lower layer are gray. Top view
of configuration §[0.0,0.0] (top) and configuration S[0.4,0.0] (bottom), with the upper layer shifted by ds = 0.4a.
(c) Evolution of energy and direct gap as a function of u,. The gray area represents the Za topological nontrivial

region.

We present the relative PBE energies of various con-
figurations during sliding along the z-axis, relative to the
initial configuration in Fig.1(c). The sliding process sig-
nificantly modulates the PBE band gap. Specifically, the
direct band gap continuously decreases with increasing ug,
and the bilayer transitions into a topologically nontrivial
phase at configuration §[0.4,0.0]. For 0.35 < u, < 0.65,
all configurations are nontrivial, with the direct band gap
first increasing and then decreasing. Further sliding be-
yond this range drives the system back into a topologi-
cally trivial regime. It is worth noting that, although the
topologically nontrivial configurations are slightly higher
in energy, they could be stabilized through mechanical
clamping of the sliding displacement. 1551 Additionally, we
have also calculated the configurations where all atomic
positions are relaxed and can obtain localized metastable
states, which are topologically nontrivial, such as the con-
figuration §[0.5,0.0] (see details in Supplementary Mate-
rials).

Based on our benchmark calculations comparing
HSE+SOC and PBE+SOC, we find that both methods
predict similar band structures (see details in Supplemen-
tary Materials). Therefore, we map out the topological
state of bilayer Bi as a function of sliding defined by
ug and uy. In Fig.2(a), a heatmap is designed to con-

(a)

Uy

currently illustrate the topological state and the magni-
tude of the layer-averaged atomic buckling, defined as
(h) = (h1 4+ h2 + hs + ha)/4. In this heatmap, a value
of “0” denotes a Zo trivial state, and a “1” indicates a
nontrivial state. The intensity of the background color
corresponds to the magnitude of (h), which also reflects
the degree of in-plane asymmetry, as the in-plane fer-
roelectricity of the Bi monolayer arises from the out-of-
plane corrugation height. The heatmap reveals that dis-
tinct sliding vectors result in significantly different values
of (h), highlighting the sensitivity of the system to slid-
ing displacements. A strong correlation is observed be-
tween band topology and (h). Sliding configurations with
(h) =~ 0 exhibit anti-ferroelectric coupling between the in-
plane polarizations of the upper and lower layers, and these
configurations are consistently topologically trivial. Con-
versely, configurations with larger atomic buckling ampli-
tudes tend to exhibit topologically nontrivial states. Over-
all, the heatmap unveils a complex landscape of topologi-
cal phase transitions induced by in-plane sliding. A cluster
of configurations displaying nontrivial band topology co-
alesces into a distinctive butterfly-shaped region, with its
center at §[0.5,0.0]. Notably, an outlier state at S[0.2,0.5]
is nontrivial, anomalously nestled within a cluster of trivial
states.
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Fig. 2. (a) Heatmap of topological states of bilayer bismuth in configuration S{uz, uy], with “0” and “1” representing
Zso trivial and nontrivial band topology, respectively. The background color scales with the value of the layer-averaged
buckling height (h) = (h1 + h2 + h3 + ha)/4 defined in Fig.1. (b) Band structures of configurations S[0.0,0.0],
S§[0.3,0.0], S[0.4,0.0], and S[0.4,0.1], highlighted in (a), with their top views shown in (c¢). The valence band
maximum (VBM) is chosen as the reference energy when plotting the band structure.
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The heatmap provides a convenient visual tool to de-
sign sliding pathways to fine-tune quantum states. Fig-
ure 2(b) presents the band structures of four representa-
tive configurations shown in Fig.2(a). The starting con-
figuration of bilayer Bi, §[0.0,0.0], is a semiconductor with
a direct band gap of approximately 0.133 (0.174) eV, as
predicted by PBE4+SOC (HSE+SOC). At a sliding dis-
tance of u, = 0.35, the gap is almost closed. Subsequent
sliding along = to u; = 0.4 reopens the band gap. It is
confirmed with both HSE4+SOC and PBE+4SOC that be-
fore the gap closure, bilayer Bi configurations like S[0, 0]
and S§[0.3,0] are trivial insulators with Z; = 0, whereas
8[0.4,0] is a topological insulator featuring a direct band
gap Eg of 0.03eV and Zz = 1. It is clear that sliding
along the z-axis for one lattice vector induces sequential
trivial-nontrivial-trivial topological phase transitions.

We perform a series of model calculations to investi-
gate the relationship between band topology and buckling
height. Taking the configuration S[0.5,0.1] as an exam-
ple, it exhibits topologically nontrivial properties at its
optimized ground state. By manually varying the buck-
ling height, we examine its impact on the band gap and
Zs topological invariant, with the results shown in Fig. 3.
For a fixed sliding vector ds = 0.5a + 0.1b, the system
is topologically nontrivial only within an optimal range
of buckling heights, specifically when 0.23 < (h) < 0.46 A.
Outside this range, the system undergoes topological phase
transitions. For instance, the band gap closes near (h) =
0.46 A, and the direct gap increases as the buckling height
increases, rendering the system topologically trivial. Sim-
ilarly, when (h) < 0.23 A, the direct gap also increases as
the buckling height decreases, again leading to a topologi-
cally trivial state. These results highlight the highly non-
linear relationship between the direct gap and the buckling
height. Our findings suggest that the sliding-induced topo-
logical phase transition in the Bi bilayer is driven by the
modulation of atomic buckling. Since the buckling height
directly correlates with the in-plane polarization, the Bi bi-
layer represents a system where band topology is directly
coupled to ferroelectricity.

The Bi bilayer, with its sliding-tunable ferroelectric-
ity, band topology, and metallicity, offers a unique plat-
form for investigating geometric currents driven by both
interband and intraband geometric quantities of elec-
tronic bands. Notably, the in-plane polarization in bilayer
Bi breaks the inversion symmetry, thereby intrinsically

0.02 o0 0 0o 0
>0 o0 6 b0
’>‘ i Nontrivial
L
- 0.01F *
]
0} K
O 1 L | 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6
(h) (&)

Fig. 3. Dependence of direct band gap and band topology
on the buckling height (h) in the configuration S[0.5,0.1].

(56,571 This current is a

capable of generating shift current.
nonlinear photocurrent generated in non-centrosymmetric
materials and is intimately related to the interband Berry
connection and the shift vector. The shift current tensor

is derived as

o_abb(o w, —

i7re

a,b b
- 2h2 / 83 Zf"manrnmrmn(s(wmn —

w), (1)

where R%Y = ang‘g" — A% — A2 is the shift vector with
Ap = (n|8ka|n> the intraband Berry connection, and
rl, = |rnm|e nm is the interband Berry connection with
¢nm being the phase factor. Meanwhile, by leveraging in-
traband geometric properties, such as Berry curvature as-
sociated with nontrivial states, it becomes possible to in-
duce a nonlinear anomalous Hall current *®! in bilayer Bi
when it is in the polar metal state. Unlike the conventional
Hall effect, which requires the breaking of time-reversal

i

symmetry and scales linearly with the applied electric field
£, the nonlinear Hall current manifests as a second-order
response to £. In the nonlinear anomalous Hall effect, the
induced geometric current in the static limit flows per-
pendicular to the electric field and exhibits a quadratic
dependence on field strength, as expressed by

Ja = Xabe&oEs . (2)

Here, the nonlinear conductivity tensor xa». is given
by [59:60]

3
7T
2(1 + iwT)
where €qq. is the Levi-Civita tensor, 7 is the relaxation
time, and w is the frequency of the applied external field,

with & (w) = E.“". The nonlinear conductivity plays a

Xabe = —€ade Dbda (3)

crucial role and is intimately connected to the Berry cur-
vature dipole D, with the primary contribution originating
from states near the Fermi surface. The specific form of
the Berry curvature dipole Dyq is expressed as

-3 J@umet. @

aikb, f2 is the equilibrium Fermi-Dirac distri-

Dyg = /fn ab-Qd

where 0, =
bution for the nth band, and 2¢ represents the component
of Berry curvature for the nth band along kg in momentum
space. It is a well-established principle that the simulta-
neous presence of time-reversal and inversion symmetries
imposes a restriction of zero Berry curvature across the
entire BZ, precluding the occurrence of the nonlinear Hall
effect. Here, in bilayer ferroelectric Bi, the manifestation
of in-plane polarization inherently gives rise to non-zero
Berry curvatures, which is a prerequisite for the emergence
of a nonlinear anomalous Hall current.

We present the Berry curvature-resolved band struc-
tures in Fig. 4 for two topologically trivial configurations,
&[0.0,0.0] and &[0.3,0.0], and a nontrivial configuration,
8[0.4,0.0]. These configurations exhibit distinct distribu-
tions of Berry curvatures. By comparing Figs.4(a) and
4(b) with Fig.4(c), a pronounced reversal in the sign of
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Fig. 4. Berry curvature-resolved band structures for (a) S[0.0,0.0], (b) S[0.3,0.0], and (c¢) S[0.4,0.0]. (d) Shift
current spectra of representative configurations with VBM chosen as the zero energy. (e) Berry curvature dipole

component Dy, as a function of Er. For each configuration, Fr = 0 corresponds to its own intrinsic undoped value

calculated with DFT.

the Berry curvature becomes evident near the k-points of
gap closure. These results highlight that interlayer sliding
can not only induce a topological phase transition but also
greatly modulate the band structure and thus the Berry
curvature distribution.

The shift current spectra for four different configura-
tions are displayed in Fig. 4(d). In the low-frequency range
(w < 0.2eV), there is a pronounced difference between
the topologically trivial configurations, i.e., S[0.0,0.0] and
§[0.3,0.0], and the nontrivial configurations §[0.4, 0.0] and
8[0.4,0.1]. Notably, the nontrivial configurations exhibit
negative values at lower frequencies. However, in the
higher frequency range (w > 0.2¢eV), while the frequencies
corresponding to the maximum peaks differ, the overall
amplitudes and trends are quite similar across all configu-
rations. Of particular interest is the nontrivial configura-
tion S[0.4,0.0], which reaches a peak shift current value of
650 uA/V? near w = 0.36¢eV, a value significantly higher
than that observed in many other ferroelectric materials
[50 uA/V? in PbTiO3 and 100 A /V? in GeS). 0162

We further quantify the Berry curvature dipole Dy,
which scales with the transverse Hall voltage along the y-
The
results for several representative configurations are pre-

axis for an input current applied along the xz-axis.

sented as a function of the Fermi level (Er) in Fig.4(e). It
is noted that for each configuration, Fr = 0 corresponds
to the intrinsic undoped value computed with DFT. The
D, spectra vary significantly among the bilayer config-
urations. Within a relatively narrow energy window of
0.1 eV around EF, the topologically trivial configuration
§[0.0,0.0] exhibits minimal changes, while §[0.3,0.0] un-
dergoes more pronounced variations. This can be under-
stood by comparing their band structures [see Figs.4(a)
and 4(b)], where the valence bands at the I' point in
§[0.3,0.0] are at higher energies, contributing more states
near the Fermi level. Interestingly, the topologically non-

trivial configuration §[0.4, 0.0] yields much larger D,. val-
ues, reaching ~ 0.2 A, which is higher than the values of
~ 0.1 A in WTes and MoTe,.[%*l However, further sliding
along the y-axis results in smaller D, values in §[0.4,0.1].
Overall, D, profiles of all configurations show strong vari-
ations in both sign and magnitude. This suggests that the
seemingly “gentle” lateral shift in real space actually can
induce unexpectedly large changes in band dispersion and
band inversion in momentum space, leading to dramatic
changes in the nonlinear anomalous Hall current. These
findings underscore the sensitivity of the Berry curvature
dipole to structural distortions, offering new opportunities
for tuning nonlinear transport properties in bilayer sys-
tems.

In conclusion, we demonstrate that a sliding-induced
Z2 topological phase transition is achievable in bilayer
ferroelectric bismuth. Counterintuitively, a gentle lat-
eral shift can result in pronounced modulations in the
atomic buckling and band structures, driving band gap
closure and band inversion that underlie the electronic
topological transition. The established topological phase
diagram, mapped with respect to sliding in all possi-
ble 2D directions, reveals that sliding can induce suc-
This
provides a deterministic and energy-efficient pathway to

cessive trivial-nontrivial-trivial phase transitions.

configure the quantum spin Hall insulator phase and its
symmetry-protected edge states. The Bi bilayer, featuring
sliding-tunable ferroelectricity, band topology, and metal-
licity, offers a unique platform for exploring geometric cur-
rents arising from both interband and intraband geometric
quantities of electronic bands. Our DFT calculations fur-
ther reveal that the nontrivial polar metal state supports
a substantial shift current response. Additionally, the sign
and magnitude of the Berry curvature dipole, and conse-
quently the nonlinear anomalous Hall current, are highly
sensitive to the direction and magnitude of sliding, en-
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We
suggest that bilayer bismuth is a promising platform for

abling precise tuning of the anomalous Hall effect.

manipulating multiple types of geometrical currents, both
deeply rooted in Berry phase, for nonvolatile multistate
memory applications.
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